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The recently discovered inverse magnetic catalysis around the critical temperature indicates that
some important information is missing in our current understanding of conventional chiral dynamics
of QCD, which is enhanced by the magnetic field. In this work, we provide a mechanism to explain
that the inverse magnetic catalysis around the critical temperature is induced by sphalerons. At high
temperatures, sphaleron transitions between distinct classical vacua cause an asymmetry between
the number of right- and left-handed quarks due to the axial anomaly of QCD. In the presence of
a strong magnetic field, the chiral imbalance is enhanced and destroys the right- and left-handed
pairings, which naturally induces a decreasing critical temperature of the chiral phase transition for
increasing magnetic field. The inverse magnetic catalysis at finite baryon density, and the critical
end point in the presence of a strong magnetic field is also explored in this work.
PACS numbers: 12.38.Aw,12.38.Mh
I. INTRODUCTION
Strong magnetic fields exist in various physical sys-
tems in nature. In magnetars, magnetic dipole fields
can reach the order of 1014 G, and in the early uni-
verse, the magnitude of 1018−23 G of magnetic fields
may appear during the strong and electroweak phase
transitions, respectively. In the laboratory, strong mag-
netic fields of the strength of 1018−20G (equivalent to
eB ∼ (0.1− 1.0 GeV)2) can be generated in non-central
heavy ion collisions [1, 2] at the Relativistic Heavy Ion
Collider (RHIC) or the Large Hadron Collider (LHC).
This offers a unique opportunity to study the Quantum
Chromodynamics (QCD) vacuum structure and strong-
interaction matter under hadron-scale strong magnetic
field.
The QCD vacuum has a non-trivial topological struc-
ture characterized by an integer-valued Chern-Simons
number Ncs [3]. At zero and low temperatures, the differ-
ent Chern-Simons sectors are connected by quantum tun-
neling transitions, i.e. the instantons. At finite temper-
ature, the gauge configurations that change the Chern-
Simons number can also be activated thermally through
sphaleron transitions. The presence of zero modes in
the spectrum of the Dirac operator under the instanton
and/or sphaleron fields induces an imbalance between the
number of quarks with different chirality, and results in
a violation of the P- and CP-symmetry [4–7]. Indeed,
the puzzle of the mass difference between η and η′ is re-
solved by the instantons induced effective 2Nf -fermion
interactions [7].
The possibility of local parity violation at high tem-
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peratures or in high-energy heavy-ion collisions has been
discussed for many years [8–10]. Recently, the heavy-ion
collisions presented the conclusive observation of charge
azimuthal correlations [11, 12] possibly resulting from the
anomalous Chiral Magnetic Effect (CME) [13–15] with
local P- and CP-violation. The most essential ingredient
of the CME is the chiral imbalance induced by a nonzero
topological charge through the axial anomaly of QCD,
and hence an electromagnetic current can be generated
along the magnetic field, which will induce the charge
separation effect.
Another important aspect of QCD is that the chi-
ral symmetry is spontaneously broken in the vacuum.
The dynamical chiral symmetry breaking is due to a
non-vanishing quark anti-quark condensate, 〈ψ¯ψ〉 ≃
−(250MeV)3 in the vacuum, which induces light Nambu-
Goldstone particles, i.e. pions and kaons in the hadron
spectra. In the chiral limit when the current quark mass
is zero m = 0, the chiral condensate 〈ψ¯ψ〉 is the order
parameter for the chiral phase transition, which vanishes
at high temperatures and densities where chiral symme-
try is restored. In nature, quark masses are non-zero and
the chiral condensate can be regarded only as an approx-
imate order parameter. Lattice simulations revealed that
for physical quark masses in the case of Nf = 2 + 1, the
transition shows a crossover feature [16] at high temper-
atures.
In the presence of an external magnetic field, chiral
symmetry breaking and restoration has been investigated
for many years. Since the 1990’s, it has been recognized
that the magnetic field plays the role of a catalyzer of dy-
namical chiral symmetry breaking, i.e. the chiral conden-
sate increases with B, which is called magnetic catalysis
[17–19]. Naturally, it is expected that the chiral sym-
metry should be restored at a higher Tc with increasing
magnetic field. This is agreed by almost all effective chi-
ral models, e.g. in the Nambu–Jona-Lasinio (NJL) model
or Polyakov-loop NJL (PNJL) model [17, 20–22], as well
2as in some earlier lattice simulations [23, 24]. However,
with the physical pion mass, the lattice group [25] has re-
vealed the transition temperature to decrease as a func-
tion of the external magnetic field. This phenomena is
called inverse magnetic catalysis around Tc, which is in
contrast to the naive expectation and majority of previ-
ous results.
On the one hand, the magnetic catalysis at zero and
low temperatures (below 100MeV) is confirmed by all
numerical simulations. On the other hand, the inverse
magnetic catalysis around Tc, discovered in [25], indi-
cates that some important information is missing in our
current understanding of conventional chiral dynamics
and chiral phase transition, which is especially enhanced
by magnetic field. There are some proposals to under-
stand the puzzle of the inverse magnetic catalysis around
Tc, e.g. due to the Nambu-Goldstone neutral pion [26],
the mass gap in the large Nc limit [27], or sea quarks
[28]. In this work, we provide a different mechanism to
explain the inverse magnetic catalysis around Tc, which
is, that it is induced by sphalerons. At high temper-
atures, sphaleron transitions between distinct classical
vacua cause an asymmetry between the number of right-
and left-handed quarks due to the axial anomaly of QCD.
Under strong magnetic field, the chiral imbalance is en-
hanced and destroys the right- and left-handed pairings,
which naturally induces a decreasing critical temperature
of the chiral phase transition with the magnetic field. In
the following, we explain how this mechanism works.
II. ENHANCED CHIRAL IMBALANCE UNDER
STRONG MAGNETIC FIELD
Instantons and sphalerons are finite-energy solutions of
the Minkowskian equations of motion in the pure gauge
sector of QCD. Such process changes the Chern-Simons
number which is defined as
∆Ncs =
g2
32π2
∫
d4x Tr[Faµν F˜
aµν ] , (1)
where Faµν and F˜
aµν denote the gauge field strength ten-
sor and its dual, respectively. Topological charge chang-
ing transitions induce an asymmetry between the number
of right- and left-handed quarks due to the axial anomaly
of QCD
(NR−NL)t=+∞ − (NR −NL)t=−∞ = −2Nf∆Ncs , (2)
where Nf is the number of quark flavors and NR,L are
right and left-handed quark number, respectively. As
we have mentioned above, P- and CP-violating processes
are originated from the topological transitions between
two degenerate QCD vacua. In order to illustrate our
point of this paper, we emphasize that at finite tempera-
tures, around Tc, although the quantum tunneling event
of an instanton is not thermally suppressed, its inter-
action is reduced by a rearrangement of the instanton-
anti-instanton ensemble. However, as an unstable solu-
tion which decays from the top of the energy barrier,
sphalerons are excited at finite temperatures due to the
thermal fluctuations [29, 30].
In order to describe the chiral imbalance, the authors
of [15] introduced an artificial chiral chemical potential
µ5. This chemical potential µ5 couples to the chiral den-
sity operator N5 = ψ¯γ0γ5ψ = ψ†RψR − ψ†LψL, hence
n5 = 〈N5〉 6= 0 can develop when µ5 6= 0. Here we stress
that the topological density is a CP-odd variable and,
thus, vanishes on average in the QCD θ-vacuum, and this
remains true in the presence of an external magnetic field,
whenever how strong is it. Therefore the mechanism pro-
posed in this work can be considered as happening in a
scenario when the P and CP-symmtries violated locally.
There will be some excited vacuum domains with left-
handed quarks dominant and some other domains with
right-handed quark dominant, i.e. even though the vac-
uum expectation value of n5 = 0 but 〈n25〉 6= 0. We also
point out that the energy barrier of gauge configuration
is lowered while applying an external strong magnetic
field. It is because that magnetic field, B, couples to the
sphaleron magnetic moment, ~m, where EB = E0− ~m · ~B.
Therefore, the acting window of sphaleron has been en-
larged, which starting around 100 MeV. The lattice re-
sult in [23] gave a clear evidence that 〈n25〉 not only be
finite but also increases with eB, which strongly support
our arguments.
In a strong magnetic field, quarks are polarized along
the direction of B, which we choose to be along the pos-
itive z axis. This leaves only one free spatial dimen-
sion, i.e. the z-direction whose associated momentum is
denoted by pz. In the massless limit, one can distin-
guish modes with right-handed chirality from modes with
left-handed chirality. If a µ5ψ¯γ
0γ5ψ is added in the La-
grangian density, the energy spectra for massless right-
and left-handed quarks take the form of [15]
ωR± = ±pz − µ5, ωL± = ∓pz + µ5. (3)
Here ± represents the spin in the z-direction and R, L
the chirality. It is emphasized in [15], that pz is restricted
to be positive for the R+ and L− particle modes so that
the helicity is positive for R+ and negative for L−, re-
spectively, and pz is negative for the R− and L+ particle
modes.
It is noticed that, if the chiral chemical potential µ5
is non-zero, there will be an energy mismatch, 2µ5, be-
tween the (L−, R+) and (R−, L+) pairing, which tends
to destroy the chiral condensate
〈ψ¯ψ〉 = 〈ψ¯LψR + ψ¯RψL〉. (4)
µ5 here plays a role similar to the isospin asymmetry in
a color superconductor [31], where the isospin asymme-
try induces mismatched Fermi surfaces between pairings
of quarks and breaks the BCS pairing. Indeed, it was
found in [32] that the critical temperature of the chiral
phase transition decreases when the chiral imbalance µ5
increases.
3If the chiral chemical potential is positive, some of the
right-handed particle modes will become occupied while
some of the left-handed anti-particle modes will be filled
as well. A net chirality n5 can be created
n5 =
µ35
3π2
+
µ5T
2
3
. (5)
To estimate the behavior of µ5 under a strong magnetic
field B, we use the time evolution formula for chiral quark
density n5, derived in [33],
∂n5
∂t
= (4Nf)
2Γss
T
∂F
∂n5
(6)
where Γss is the spaleron diffusion rate at strong coupling
and F denotes the free energy. Therefore, we can replace
the last derived term in Eq.(6) by µ5 directly. The decay
time is estimated to be about 80/T for the physical value
of αs [34]. One is able to find that the decay time of
sphaleron is much larger than other microscopic chiral
processes and support to creat a stable chiral imbalanced
scenario. Therefore, we have
µ5 =
√
3π
(
320N2fΓss
T 2
− T
2
3
) 1
2
. (7)
There is no good method in real QCD to calculate
diffusion rate for sphalerons at strong magnetic fields.
We take the strong coupling limit behavior obtained in
[35] through the holographic AdS/CFT correspondence,
where
Γss(B, T ) =
(g2sNc)
2
384
√
3π5
(
eBT 2 + 15.9T 4
)
. (8)
From Eqs.(7) and (8), we find that the magnetic field en-
hances the chiral imbalance induced by sphaleron transi-
tions, and the chiral imbalance behaves as
µ5 ≃ c
√
eB, (9)
under a magnetic field B, with c being an unknown pa-
rameter.
III. INVERSE MAGNETIC CATALYSIS
AROUND Tc
We now analyze the chiral phase transition with a chi-
ral imbalance induced by sphaleron transitions under a
strong magnetic field in the Nambu–Jona-Lasinio (NJL)
model, which is described by the Lagrangian density
L = ψ¯ (iγµDµ + µγ0 + µ5γ0γ5)ψ
+G
[(
ψ¯ψ
)2
+
(
ψ¯iγ5τψ
)2]
, (10)
where µ is the quark chemical potential, and the covari-
ant derivative embeds the quark coupling to the external
magnetic field. The thermodynamical potential Ω in the
mean-field approximation takes the form of [21, 22, 36]
Ω =
σ2
4G
−Nc
∑
f=u,d
|qfB|
2π
∑
s,k
αsk
∫ ∞
−∞
dpz
2π
ωs(p)
− TNc
∑
f=u,d
|qfB|
2π
∑
s,k
αsk
∫ ∞
−∞
dpz
2π
× (ln[1 + e−β(ωs+µ)] + ln[1 + e−(βωs−µ)]) . (11)
Where σ = −2G〈ψ¯ψ〉 is the chiral condensate, and the
effective quark mass M = σ. The quasi-particle disper-
sion relation is given by ω2s =M
2 +
[|p|+ s µ5sgn(pz)]2,
with s = ±1, p2 = p2z + 2|qfB|k with k a non-negative
integer labeling the Landau level. The spin degeneracy
factor is
αsk =


δs,+1 for k = 0, qB > 0 ,
δs,−1 for k = 0, qB < 0 ,
1 for k 6= 0 .
(12)
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FIG. 1: The critical temperature Tc for the chiral phase
transition at µ = 0 as function of eB with µ5 =
0, 0.1GeV, 0.5
√
eB, respectively.
The model parameters are chosen as Λ =
620MeV , GΛ2 = 2.2 , which correspond to fpi =
92.4MeV and the vacuum chiral condensate 〈u¯u〉1/3 =
−245.7MeV, and the constituent quark mass M =
339MeV.
At zero chemical potential µ = 0, the critical temper-
ature Tc for the chiral phase transition as function of
eB is shown in FIG. 1 with µ5 = 0, 0.1GeV, 0.5
√
eB, re-
spectively. For µ5 = 0 and µ5 = 0.1GeV, the critical
temperature Tc increases with eB, and shows the mag-
netic catalysis effect. One can notice that the critical
temperature Tc is reduced in the case of µ5 = 0.1GeV
compared to the case of µ5 = 0. If we choose the chiral
imbalance µ5 = c
√
eB as in Eq.(9) with c = 0.5, we can
produce the inverse magnetic catalysis effect as in [25],
i.e. the critical temperature Tc decreases with eB.
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FIG. 2: The critical chemical potential µc in the case of
µ5 = 0.5
√
eB as function of eB for T = 40MeV, 50MeV,
respectively.
FIG. 3: The 3D chiral phase diagram, i.e. the critical temper-
ature Tc as function of µ and eB in the case of µ5 = 0.5
√
eB.
The solid line is for the critical end point.
We also observe the inverse magnetic catalysis at finite
chemical potential µ as shown in FIG.2, which is also ob-
served in the NJL model with µ5 = 0 [21] and in the
holographic QCD model [37]. Sphalerons do not play an
essential role at low temperatures, here the inverse mag-
netic catalysis is induced by a finite chemical potential.
In FIG. 3, we show the 3-dimension chiral phase diagram,
i.e. the critical temperature Tc as function of µ and eB in
the case of µ5 = 0.5
√
eB. The solid line is for the critical
end point (CEP). It is observed that (Tc, µc) for the CEP
does not change so much at high magnetic field, which
is different from the result in [21] where µ5 = 0 and the
CEP moves toward the temperature axis with increasing
magnetic field.
IV. CONCLUSION AND DISCUSSION
In this work, we have provided a mechanism to explain
that the inverse magnetic catalysis around the critical
temperature is induced by sphalerons. At high temper-
atures, sphaleron transitions between distinct classical
vacua cause an asymmetry between the number of right-
and left-handed quarks due to the axial anomaly of QCD.
In the presence of a strong magnetic field, the chiral
imbalance is enhanced and destroys the right- and left-
handed pairings, which naturally induces the decreasing
critical temperature of the chiral phase transition for in-
creasing magnetic field. The CEP under a strong mag-
netic field is also explored in this work, and it is found
that (Tc, µc) for the CEP does not change much at strong
magnetic field.
At last, we emphasize that the mechanism proposed
in this work can be only considered as happening in a
scenario when the P and CP-symmtries violated locally,
which is supported by the lattice result in [23].
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